We prove the following result: if a Q-Fano variety is uniformly K-stable, then it admits a Kähler-Einstein metric. We achieve this by modifying Berman-Boucksom-Jonsson's strategy with appropriate perturbative arguments and non-Archimedean estimates. The idea of using the perturbation is motivated by our previous paper.
Introduction
A Q-Fano variety is defined to be a normal projective variety X with at worst Klt singularities such that its anticanonical divisor −K X is an ample Q-Cartier divisor. K-(poly)stability of Fano varieties was introduced by Tian in [34] and reformulated more algebraically by Donaldson [22] . The Yau-Tian-Donaldson (YTD) conjecture states that a smooth Fano manifold X admits a Kähler-Einstein metric if and only if X is K-polystable. Due to many people's work, this conjecture has been proved (see [34, 1, 16, 35] ).
In this paper, we are interested in the generalized Yau-Tian-Donaldson conjecture meaning that X is allowed to be singular. Berman's work in [1] shows that the "only if" part of the conjecture is indeed true for any singular Q-Fano variety. For the "if" part, see [33, 31] and [30] for the extensions to special classes of singular Q-Fano varieties. Note that, by [32] , X being K-semistable implies that K has at worst Klt singularities (see also [29] ). and uniform Ding stability for any Q-Fano variety as proved in [4, 24] . See section 3 for the notations used in the following sketch.
Berman-Boucksom-Jonsson's approach
We first sketch Berman-Boucksom-Jonsson's proof of the smooth case of Theorem 1.1. Assume a smooth Fano manifold X is uniformly K-stable. They proved the properness of Mabuchi energy using proof by contradiction.
1.
Step 1: Assume the Mabuchi energy M X is not proper, then one can find a destabilizing geodesic ray Φ * = (ϕ * (s)) in E 1 (X, −K X ) such that M X is decreasing along Φ * and sup(ϕ * (s) − ψ 0 ) = 0, E ψ0 (ϕ * (s)) = −V · s,
where V = (2π) n (−K X ) ·n .
2.
Step 2: For m ≫ 1, blow up the multiplier ideal sheaf J (mΦ * ) to construct a sequence of semi-ample test configurations X m whose associated non-Archimedean metric will be denoted by φ * m . Moreover, Demailly's regularization theorem ([19, Proposition 3.1]) implies that Φ * m is less singular than Φ * . This allows one to show that
3.
Step 3: Prove the expansion of L energy along Φ * by generalizing [1] and using the valuative tools from [9] . Moreover, use Demailly's regularization result and definition of multiplier ideals to prove that: lim
4.
Step 4: Combine (2)-(3) to get contradiction to the uniform Ding-stability of X, which is equivalent to the uniform K-stability.
As pointed out in [5] , a large part of the above arguments in [5] still applies to singular Q-Fano varieties. The difficulty in the singular case lies essentially in applying Demailly's regularization directly on the singular varieties. This regularization result is in general not true when the ambient space is singular. The other difficulty may lie in the study of non-Archimedean spaces over singular varieties.
Perturbation approach of Li-Tian-Wang
Theorem 1.1 has been proved in a special singular case in [30] , which we will recall in this subsection. Let X be any Q-Fano variety. Take a log resolution µ : Y → X such that µ −1 (X sing ) = g k=1 D k is a simple normal crossing divisor. The Klt condition allows one to write down the following identity:
where for i = 1, . . . , g 1 , F i = D i , b i = −a i ∈ [0, 1); and for j = g 1 + 1, . . . , g, a j > 0 and E j = D j . It's well known (e.g. [15, Lemma 2.2] ) that we may and will assume that there exists a log resolution µ : Y → X such that for some θ k ∈ Q with 0 < θ ≪ 1, k = 1, . . . , g
We can then rewrite the identity (4) in the following way:
For simplicity we introduce the following notations for any ǫ ≥ 0:
Then we have the following identity:
Note that B − 0 = g j=g1+1 a j D j = 0 if and only if −1 < a k ≤ 0 for any k = 1, . . . , g. One intermediate result in [30] can be stated as follows: Theorem 4.11] ). Let X be a Q-Fano variety. Assume that there is a log resolution µ : Y → X satisfying both (5) and B − 0 = 0. If X is uniformly K-stable, then there exists a Kähler-Einstein metric on X.
Let's very briefly sketch the proof of the above result:
1. Prove that (Y, B ǫ ) is uniformly K-stable or equivalently uniformly Ding-stable. Note that by assumption B ǫ = B + ǫ ≥ 0 and (Y, B ǫ ) is a Klt pair. This is achieved by using the valuative criterion of uniform K-stability by Fujita. 2. Adapt Berman-Boucksom-Jonsson's result to the logarithmic setting to prove that the Mabuchi energy of (Y, B ǫ ) is proper with uniform slope constant. This in particular implies that there exists a Kähler-Einstein metric ω ǫ := √ −1∂∂ϕ ǫ on the Klt pair (Y, B ǫ ) where e −ϕǫ is an Hermitian metric on L ǫ = −(K Y + B ǫ )(1 + ǫ). 3. Prove the convergence of ϕ ǫ as ǫ → 0 + by proving uniform estimates by comparing energy functionals on X and (Y, B ǫ ) with some rescaling argument and using uniform Sobolev constants of Kähler-Einstein metrics with edge cone singularities.
The difficulty in this perturbative approach for the general singular case seems more severe.
, if it exists, would have edge cone singularities of cone angles bigger than 2π along supp(B − ǫ ). It's still not clear how to adapt Berman-Boucksom-Jonsson's variational approach to construct such a singular Kähler-Einstein metric. For example, when ǫ > 0, the Mabuchi energy is not known to be convex along geodesics (since the twisting is noneffective). Even if one could do so, several analytic and geometric tools in our original arguments are missing for such singular Kähler metrics. However, we should point out that the advantage of this perturbative approach is that it allows us to further combine Cheeger-Colding-Tian's theory (extended in the edge cone situation by Tian-F. Wang) and partial C 0 -estimates for conical Kähler-Einstein metrics to get a full (K-polystable) version of Yau-Tian-Donaldson conjecture in the special singular class.
Perturbing BBJ-argument
We now sketch the argument in our proof of Theorem 1.1. We assume that the Q-Fano variety X is uniformly K-stable. We will use the above notations (and notations from section 3) and prove by contradiction.
1.
Step 1: Assume that the Mabuchi energy M X , is not proper, then one can find a destabilizing geodesic ray Φ * = (ϕ * (s)) in E 1 (X, −K X ) such that M X is decreasing and:
2.
Step 2: Fix a log resolution µ : Y → X satisfying (5) . Consider the subgeodesic ray on L ǫ = µ * (−K X ) + ǫP given by
where ϕ P is a Hermitian metric on P = µ * (−K X ) − g k=1 θ k D k whose curvature is a smooth Kähler form, and p ′ 1 : Y ×C → Y is the projection. Blow up the multiplier ideal sheaf J (mΦ * ǫ ) to construct test configurations (Y ǫ,m , L ǫ,m ) of (Y, L ǫ ) whose associated non-Archimedan metric is denoted by φ * ǫ,m . Demailly's regularization result on Y implies that (see (52)):
Moreover, we prove the following convergence (see (53)):
Step 3: Prove the expansion of L Bǫ along any subgeodesic ray on (Y, L ǫ ) by adapting the proof in [4, 5] . See Proposition 4.4. Use Demailly's regularization on Y to prove (see (67)):
Moreover we prove the following convergence (see (68)):
Step 4: Prove that the uniform K-stability of X implies the uniform Ding-stability of (Y, B ǫ ) for 0 < ǫ ≪ 1 where B ǫ is the not-necessarily effective Q-divisor in (7).
5.
Step 5: Combine (10)- (13) to prove that Φ * ǫ contradicts the uniform Ding-stability of (Y, B ǫ ) for 0 < ǫ ≪ 1.
It's clear that the general strategy is in Berman-Boucksom-Jonsson's framework. But we only use Demailly's regularization on the smooth Y . On the other hand, the perturbative part is indispensable. In particular, the convergences in the new arguments (11) and (13) are crucial, and the Step 4 is directly analogous to the first step in [30] . The idea of using perturbative approach here is suggested by the work in [30] . However, instead of working with the energy functional on the space of Kähler metrics as in [30] , we will be working more on the non-Archimedean side, which is more flexible in some sense due to the birational-nature of the valuative criterions developed in [13, 24] .
Preliminaries

Energy functions
Let X be a normal projective variety. Let L be an ample Q-line bundle. Choose a smooth Hermitian metric e −ψ on L with a positive curvature form ω = √ −1∂∂ψ ∈ 2πc 1 (L). We will consider the following spaces:
Then P SH([ω]) is equal to the space of positively curved Hermitian metrics
, we have the following well-studied functionals:
If X is a Q-Fano variety and L = −K X , we can identity e −ψ as a volume form on X. Let V = (2π) n (−K X ) ·n and define the following energies:
Ding:
Entropy:
Mabuchi:
By the recent development of pluripotential theory, we know that the above functionals are well defined on the space E 1 of finite energy ω-psh functions. Following Guedj-Zeriahi [27] , we denote:
Note that E 1 contains all bounded ω-psh functions. According to [3] ,
Generalizing Darvas' result in the smooth case ( [17] ), the works in [18, 20] showed that E 1 can be characterized as the metric completion of H(ω) under a Finsler metric d 1 which can be defined as follows. Fix a log resolution µ : Y → X and a Kähler form ω P > 0. Then ω ǫ := µ * √ −1∂∂ψ + ǫω P is a Kähler form and one can define Darvas' Finsler metric d 1,ǫ on H X (ω ǫ ). Note that u ∈ H X (ω) implies u ∈ H Y (ω ǫ ). One then defines (see [20, Definition 1.10])
Following [3] , we endow E 1 with the strong topology. Then it's known that u j → u in E 1 under the strong topology if and only if I ψ+u (ψ + u j ) → 0, if and only if d 1 (u j , u) = 0. Moreover in this case sup(u j ) → sup(u) by Hartogs' lemma for plurisubharmonic functions.
. A positive measure ν on X is tame if µ puts no mass on closed analytic sets and if there is a resolution of singularities µ : Y → X such that the lift ν Y of ν to Y has L p density for some p > 1.
The following compactness result is very important in the variational approach to solving Monge-Ampère equations using pluripotential theory.
. Let ν be a tame probability measure on X. For any C > 0, the following set is compact in the strong topology:
The following theorem are proved by using the pluripotential theory and generalizes the results in the smooth case by Tian-Zhu and Phong-Song-Sturm-Weinkove. 18, 20] ). Let X be a Q-Fano variety with a discrete automorphism group. Then the following conditions are equivalent:
1. X admits a Kähler-Einstein metric.
3. there exist δ > 0 and C > 0 such that M ≥ δJ − C on E 1 .
Non-Archimedean functionals and uniform K-stability
In this section, we will essentially follow the notations in [5] . Recall that a test configuration (X , L) for (X, L) is a flat projective morphism π : X → C, a Q-line bundle L on X , a C *action on (X , L) lifting the standard one on C and an identification of the fibre over 1 ∈ C with (X, L). We say that (X , L) is normal (resp. ample, semiample) when X is normal (resp. L is relatively ample, relatively semiample). Two semiample test configurations are equivalent if they are dominated by a common semiample normal test configuration.
Each test configuration defines a non-Archimedean metric on the Berkovich analytification of L with respect to the trivial aobsolute value on C , which is identified with its canonical potential φ = φ (X ,L) , a function on X div Q where X div is the space of divisorial valuations (see [13] for details). Equivalent test configurations define the same non-Archimedean metric. The space of equivalent classes of normal semi-ample test configurations for (X, L) will be denoted by H NA (L) := H NA (X, L). On the other hand, to each test configuration is attached a geodesic ray Φ (X ,L) . There is is a one-to-one correspondence between H NA (X, L) and geodesic rays with algebraic singularities (see [5, section 4.4] ) such that
where G(v) is the C * -invariant Gauss extension of v to X × C satisfying G(v)(t) = 1 and the right hand denotes the (negative of) generic Lelong number on some blow up (see [9] ).
Let (X , L) be a semi-ample test configuration of (X, L) that dominates the product test configuration (X, L) × C via ρ : X → X × C. We denote by φ (resp. φ triv ) the non-Archimedean metric associated to (X , L) (resp. (X, L) × C). In this section, we recall the corresponding non-Archimedean version of the energy functionals. If F is an energy appearing in (17)-(24), then F NA denotes its non-Archimedean version, in the sense that for any semi-ample test configuration (X , L) if {ϕ(s)} is the geodesic ray associated to (X , L), then we have:
By (X ,L) → P 1 we mean the natural equivariant compactification of (X , L) → P 1 . We also denote (see [10] ):
denote the set of rational positive multiplies of divisorial divisorial valuations over X (see [5, section 3.1]) and denote by A X (v) the log discrepancy of v. The non-Archimedean functionals we will use are the following:
We recall the definitions of uniform K-stability as defined in [10, 21] (see [34, 22, 29] for the original definition of K-(poly)stability).
These two conditions are actually equivalent:
Twisted case
In the following proof, we will also use a twisted version of the above notions. Actually we will only use the very restrictive twisting as follows. Let Y be a smooth projective manifold and B = B + − B − be a Q-divisor with simple normal crossing support satisfying B ± ≥ 0
Then the twisted energy functionals on E 1 (Y, L) we will use are defined as follows:
Corresponding to (38)-(39), we define for any φ ∈ H NA (Y, L)
The above non-Archimedean functional can also be defined for more general subgeodesic rays (called psh rays in [5] ). It's defined by the same expression as above (see (65)). 
Remark 3.7. The rescaling parameter λ is included in the above definition to make the later argument more flexible. It's easy to check that the above definition (and the constant δ) does not depend on the rescaling parameter λ > 0.
We will need the valuative criterion for the uniform Ding-stability studied in [13, 24] . Note first that, because X and Y are birational and compact, we have C(X) ∼ = C(Y ) and hence the set of divisorial valuations over X is the same as the set of divisorial valuations over Y . For any divisorial valuation ord E over Y , let π : Z → Y be a birational morphism such that E is a divisor on Z. The stability thresholds are defined as ( [24, 13] ):
In light of the work [13] , the following valuative criterion can be seen as the non-Archimedan version of the equivalence between properness of Mabuchi energy and Ding energy. Note such type of criterion for K-(semi)stability by using valuations first appeared in [28, 24] . 
Fujita proved the first item using purely algebro-geometric techniques (e.g. MMP) which also work well for any Q-Fano variety. The proof of the second item is based on Boucksom-Jonsson's work ( [13] ) which in turn depends on the solution of non-Archimedean Monge-Ampère equations (see [12] ). For our purpose, we will only apply the the sufficient part of the second criterion for smooth Y . We emphasize the key feature of the second item is that B is allowed to be non-effective, and this will be very important for our argument. On the other hand, since in [5] the twisting is assumed to be a Klt current which is by definition quasi-positive, we give its proof following [5, Proof of Theorem 7.3] to show that it indeed works for the non-effective B at hand.
Proof of the sufficient part of 3.8.2. Because of the Remark 3.7, we can assume λ = 1 so that
Then by [5, Lemma 7.4] , we have the identity:
Note that here we are working on a smooth Y as in [5] . So we get: 
Proof of the main result
The rest of this paper is to prove Theorem 1.1 following the argument sketched in section 2.3.
Step 1: Constructing a destabilizing geodesic ray
The argument in this section is the same as in [4, 5] . We sketch the proof for completeness. All energy functionals in this step are on X itself as defined in (17)- (24) . Assume the Mabuchi energy M = M ψ0 (see (24)) is not proper. Then for any δ ′ > 0, we can pick a sequence {u j } ∞ j=1 ∈ E 1 = E 1 (X, ω) such that ϕ j = ψ 0 + u j satisfies:
We will choose δ ′ to be very small in the last step of proof in section 4.5.
We normalize ϕ j such that sup(ϕ j − ψ 0 ) = 0. The inequality M ≥ C − nJ implies J(ϕ j ) → +∞, and hence E(ϕ j ) ≤ −J(ϕ j ) → −∞.
Denote V = (−K X ) ·n . By the work [18, 20] , we can connect ψ 0 and ϕ j by a geodesic segment {ϕ j (s)} parametrized so that S j = − 1 V E(ϕ j ) → +∞. For any s ∈ (0, S j ], we have E(ϕ j (s)) = −V s and sup(ϕ j (s)
Using M ≥ H − nJ, we get H(ϕ j (s)) ≤ (δ ′ + n)V s + C. So for any fixed S > 0 and s ≤ S, the metrics ϕ j (s) lie in the set:
This is a compact subset of the metric space (E 1 , d 1 ) by Theorem 3.2 from [3] . So, by arguing as in [4] , after passing to a subsequence, {ϕ j (s)} converges to a geodesic ray Φ * := {ϕ * (s)} s≥0 in E 1 , uniformly for each compact time interval. {ϕ * (s)} satisfies
Moreover,
Denote D = {t ∈ C; |t| ≤ 1} and D * = D \ {0}. {ϕ * (s)} defines an S 1 -invariant metric Φ * on p * 1 L over X × D * such that the restriction of Φ * to X × {t} is ϕ * (log |t| −1 ). Φ * is plurisubharmonic because Φ j converges to Φ * locally uniformly in L 1 topology, where Φ j is the psh metric on p * 1 L → X × {e −Sj ≤ |t| < 1} defined by the geodesic segment {ϕ j (s)}. In the above argument, we used the following lemma which should be well known by experts and so we just sketch its proof. Lemma 4.1 (see [2, 6] ). Let Φ := {ϕ s (t)} be a geodesic segment connecting ϕ 0 , ϕ 1 ∈ H(X). M is convex along Φ.
Proof. Take a log resolution µ : Y → X, one can then express the Mabuchi energy as:
is the relative canonical divisor, which may be non-effective. Along the geodesic ray Φ = {ϕ(s)} in E 1 , which is considered as a singular Hermitian metric on p * 1 (−K X ) over X × C with s = log |t| −1 , we have:
be the geodesic segment connecting ϕ 0 +ǫϕ P and ϕ 1 +ǫϕ P where ϕ P is a smooth Hermitian metric on P with √ −1∂∂ϕ P > 0 (see (5)). By [20, Proposition 1.6], Φ(t) is the decreasing limit of Φ ǫ (t). By the same argument as in [2, 6] , we get the following convexity:
The convexity of the first term on the right-hand-side of (47) follows by letting ǫ → 0. We claim that the second term is equal to 0. Indeed, for any test function v on Σ := [0, 1] × S 1 , we have:
because supp(B) = µ −1 (X sing ) and dim(X sing ) ≤ n − 2. The last term is 0 because Φ is a geodesic ray.
Step 2: Perturbed test configurations and perturbed E NA
Fix a resolution of singularities µ : Y → X such that µ is an isomorphism over X reg , µ −1 (X sing ) = g k=1 D k is a simple normal crossing divisor and that there exist θ k ∈ Q >0 for k = 1, . . . , g such that D θ = g k=1 θ k D k satisfies P := P θ = µ * L − D θ is an ample Q-divisor over Y . We can then choose and fix a smooth Hermitian metric ϕ P on P such that √ −1∂∂ϕ P > 0. For any ǫ ∈ Q >0 , define a line bundle on Y by
Then L ǫ is a positive Q-line bundle on Y . Define a reference metric on L ǫ by ψ ǫ = ψ 0 + ǫϕ P . Let Φ = {ϕ(s)} be a geodesic ray in E 1 (X, −K X ) satisfying:
.
In this section we will first construct a sequence of test configurations of (Y, L ǫ ) using the method from [4] . Denote by p ′ i , i = 1, 2 the projection of Y × C to the two factors. Define a singular Hermitian metric on p ′ * 1 L ǫ by
Then √ −1∂∂Φ ǫ ≥ 0. Fix a very ample line bundle H ′ over Y . Consider the following coherent sheaf:
Because P is positive, for m ≫ ǫ −1 and sufficiently divisible, mǫP − K Y − (n + 1)H ′ is an ample line bundle on Y . In this case, by Nadel vanishing theorem, for any j ≥ 1,
Then (Y ǫ,m , L ǫ,m ) is a normal semi-ample test configuration for (Y, L ǫ ) inducing a non-Archimedean metric φ ǫ,m ∈ H NA (L ǫ ) given by:
for each C * -invariant divisorial valuation w on Y × C. We will also denote by Φ ǫ,m = {ϕ ǫ,m (s)} the subgeodesic ray associated to (Y ǫ,m , L ǫ,m ). By Demailly's regularization result ([19, Proposition 3.1]), Φ ǫ,m is less singular then Φ ǫ . By the monotonicity of E energy, we get:
The following key observation proves (11) . Recall that V = (2π) n (−K X ) ·n .
Lemma 4.2. With the above notations and assuming that Φ satisfies (48), the following identity holds:
Proof. Note that ϕ ǫ (s) − ψ ǫ = ϕ + ǫϕ P − (ψ + ǫϕ P ) = ϕ(s) − ψ 0 . So we get:
where T = T (ǫ) is a positive (n, n)-current which approaches 0 as ǫ → 0. We have the following inequality:
So f ǫ (s) is a convex funtion and f 0 (s) = −V s is a linear function with respect to s ∈ [0, +∞). Because ϕ(s) − ψ 0 ≤ 0, we have f ǫ (s) ≤ f 0 (s). So we get:
On the other hand, it follows from the above expressions of f ǫ (s) that for any s ≥ 0, lim ǫ→0 f ǫ (s) = f 0 (s). Fix s * > 0. By the convexity of f ǫ (s), we have:
Letting ǫ → 0, we get
Now (53) follows from (54) and (55).
Step 3: Perturbed L NA function
Recall that we have the identity (see (4)):
where for i = 1, . . . , g 1 , F i = D i , b i = −a i ∈ [0, 1); and for j = g 1 + 1, . . . , g, a j > 0 and E j = D j . Denote by ⌈a j ⌉ the round up of a j and {a j } = ⌈a j ⌉ − a j ∈ [0, 1). Then we re-write the above identity as:
For simplicity of notations, we let G := j ⌈a j ⌉E j . Then we have:
Consider the Ding energy (39) associated to this decomposition. Denote V ǫ = (2π) n L ·n ǫ . For any ϕ ǫ ∈ P SH(L ǫ ), denote:
The proof of the following lemma is similar to an argument from [3, Proof of Theorem 5.1] (ǫ = 0 case). Proof. This follows from Berndtsson's convexity result from [7] . To see this, first set L ′ = 1 1+ǫ L ǫ + ∆ ǫ . Let p ′ 1 : Y × C → C be the natural projection. Then e −Φ ′ := e − Φǫ 1+ǫ 1 |s∆ ǫ | 2 is a positively curved (singular) Hermitian metric on p ′ * 1 L ′ . By (56), we have K Y + L ′ = G which is exceptional so that H 0 (K Y + L ′ ) = C · s G ∼ = C and L Bǫ (ϕ ǫ (s)) is, up to the constant (1 + ǫ)V ǫ , the Bergman kernel of K Y + L ′ with respect to the Hermitian metric e −Φ ′ . Berndtsson's convexity result implies that L Bǫ (ϕ ǫ (s)) is indeed convex with respect to s = log |t| −1 .
In the following discussion, let W denote the space of C * -invariant divisorial valuations on Y C such that w(t) = 1, and A Y C (w) is the log discrepancy of w. The following theorem can be proved by exactly the same method as [4, Theorem 3.1]. We give the proof for the readers' convenience. 
Then we have the identity:
Proof. For simplicity of notations, letΦ := 1 1+ǫ Φ ǫ . Then w(Φ) = 1 1+ǫ w(Φ ǫ ). Since the function
is subharmonic on D by Lemma 4.3, its Lelong number ν at the origin coincides with the negative of the left-hand-side of (58). We need to show that ν is equal to
By [1, Proposition 3.8] , ν is the infimum of all c ≥ 0 such that:
Set p := ⌊c⌋ and r = c − p ∈ [0, 1). Then we have
It follows from [9, Theorem 5.5 
where w ranges over all divisorial valuations on Y C . By homogeneity and by the S 1 -invariance of Φ, it suffices to consider w that are C * -invariant and normalized by w(t) = 1. We then get:
So we get ζ ≤ ν. Conversely, [9, Theorem 5.5] shows that:
To prove ζ ≥ ν, it suffices to show that for any δ > 0 and a ≥ ζ + δ, if we let ⌊a⌋ = p and r = a − p ∈ [0, 1), then the following inequality holds:
For any w ∈ W , we have:
or equivalently:
So we get:
On the other hand, because locally e −Φ 1 |s∆ ǫ | 2 ∈ L 1 loc (Y × D * ) for ǫ ≪ 1, by [5, Lemma 5.5 ], there exist α ∈ (0, 1) and C > 0 such that
Now it's easy to get the inequality (64).
With the notations as in the above proposition, we will use the following definition in the following discussion: for any ǫ ≥ 0, define:
Note that this is compatible with (33) and (40). With Proposition 4.4, the following result can be proved by exactly the same argument as in [4] . For the reader's convenience, we give the details. We need the following inequalities: for any subgeodesic ray Φ ǫ on L ǫ and w ∈ W ,
The first inequality holds because Φ m is less singular than Φ by Demailly's regularization result. The second inequality follows from the definition of multiplier ideal J (mΦ ǫ ).
Proposition 4.5 (see [4] ). We have the identity:
Proof. For simplicity of notations, denote T ′ = 1 (1+ǫ)Vǫ L NA Bǫ (φ ǫ ) and
Using (66), we get, for any C * -invariant valuation w on Y C with w(t) = 1,
Adding A Y C −w((∆ ǫ ) C )+w(G C )−1 on both sides and taking infimum, we get
On the other hand, for any α > 0, there exists w ∈ W such that
So we get the inequality:
Taking lim sup as m → +∞, we get T + ≤ T ′ + α. Since α > 0 is arbitrary, we get T + ≤ T ′ and hence T + = T − = T ′ as wanted.
The following key proposition proves the convergence in (13) .
Proposition 4.6. With notations in (65), for any subgeodesic ray Φ = {ϕ(s)} on (X, −K X ), the following convergence holds true:
Proof. Since w(Φ + ǫϕ P ) = w(Φ), by Proposition 4.4, we have:
On the other hand, recall that (see (65))
, we have the following identities:
This holds for any ǫ ≥ 0. For the simplicity of notations, denote the above equivalent quantity by
Then, by definition, for any ǫ ≥ 0, L NA ǫ (ϕ + ǫϕ P ) = (1 + ǫ)V ǫ · (I ǫ − 1) where
Since lim ǫ→0 (1 + ǫ)V ǫ = V 0 = V , it's enough to prove lim ǫ→0 I ǫ = I 0 . We first show that I ǫ is uniformly bounded for any ǫ ∈ [0, 1). To see this note that:
We can assume θ i ≪ 1 such that e −Φ 1 |s∆ 0 ·sD θ | 2 ∈ L 1 loc (Y × D * ). By [5, Lemma 5.5], there exist τ ∈ (0, 1) and a constant C 1 > 0 such that:
So we easily get that there exists a constant C > 0 ∈ R independent of ǫ ∈ [0, 1) such that
So we get I ǫ = inf Fǫ(w)≤C+1 F ǫ (w). Pick any w ∈ W such that
We can estimate, by using (70), that
For any w ∈ W ′ , we have, by using (70) again, that:
and also:
Letting C ′′ = (1 − τ ) C ′ τ + C 1 and taking infimum, we get:
Now (68) follows by letting ǫ → 0 and using (71).
4.4
Step 4: Uniform Ding-stability of (Y, B ǫ )
Recall that we have the following identity from (56)
Denote
Then again we have the identity:
The following result is analogous to [30, Proposition 3.1]:
Proposition 4.7. Assume that (X, −K X ) is uniformly Ding stable with δ(X) = δ 0 > 1. Then there exists a constant C > 0 and a constant ǫ * > 0 such that for any 0 < ǫ ≪ ǫ * , we have the following identity on H NA (L ǫ ):
Proof. By Theorem 3.8, we just need to show that δ(Y, B ǫ ) ≥ (1 − Cǫ)δ 0 . Consider the quantity:
Then δ(Y, B ǫ ) := inf E Θ(ǫ). Moreover, by the definition of δ(X) in (42), we have:
So it's enough to prove that Θ(ǫ) ≥ (1 − Cǫ)Θ(0). Consider the ratio:
The second ratio R 2 ≥ 1 because −B ǫ = −B 0 − ǫ 1+ǫ D θ ≤ −B 0 and volume function is increasing along effective divisors. The factor R 3 , which does not depend on E, clearly goes to 1 as ǫ → 0. We can estimate R 1 as follows:
So R(ǫ) ≥ 1 − Cǫ for some C > 0 independent of E. This concludes the proof.
4.5
Step 5: Completion of the proof This implies that for any α ∈ (0, 1), there exists 0 < ǫ 1 ≪ 1 such that for all ǫ ∈ (0, ǫ 1 ),
On the other hand, by Proposition 4.7, we have, withδ ǫ = 1 − ((1 − Cǫ)δ 0 ) −1/n ,
The last inequality uses (52). Taking m → +∞ and using (67), we get the inequality:
By (53), for any α ∈ (0, 1), there exists 0 < ǫ 2 ≪ 1 such that for all ǫ ∈ (0, ǫ 2 ), E NA Lǫ (φ * ǫ ) ≥ V (−1 + α) and hence
(77) and (76) together implies that for ǫ ≪ 1, we have:
But since δ 0 = δ(X) > 1, this does not hold if we choose ǫ and δ ′ sufficiently small. So the contradiction is obtained.
